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ABSTRACT 

Let  S C R 2 be the  Can tor  set consis t ing of poin ts  (x, y) which have an  

expans ion  in negat ive  powers of  3 us ing digits ((0,  0), (1, 0), (0 ,1)) .  We 

show t h a t  t h e  projec t ion of S in any  irrat ional  direct ion has  Lebesgue  

m e a s u r e  0. T h e  projec t ion in a ra t ional  direct ion p/q has  Hausdorf f  

d imens ion  less t h a n  1 unless  p ~ q -- 0 m o d  3, in which case t he  pro- 

ject ion has  n o n e m p t y  interior and  measu re  1/q. We compu te  b o u n d s  on 

t h e  d imens ion  of t h e  projec t ion for cer ta in  sequences  of ra t ional  direc- 

t ions,  and  exhibi t  a residual  set  of directions for which the  projec t ion has  

d imens ion  1. 

1. I n t r o d u c t i o n  

Let S be the set of points in N 2 with an expansion in base 3 using negative powers 

of the base and digits {(0, 0), (1, 0), (0, 1)}, that  is 

S =  { ~ a i 3 - ~  I ~i • ( ( 0 , 0 ) , ( 1 , 0 ) , ( 0 , 1 ) } ) .  
i=1 
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The set S is also the attractor in R 2 for the three contracting linear maps 

([ [) f l :  ( x , y )  ~ , , 

( x + i  3 )  
3 ' ' 

f a : ( x , y )  ~ ,  ( 3  y + I )  
' 3 ' 

by which we mean S is the (unique) minimal compact set for which f i ( S )  C S 

for i = 1,2,3. 

A third description of S is the subset 

s = {(x, y) • c x c l  • + y c c } ,  

where C is the usual "middle third" 

[0, 1/2]. See Figure 1. 
,% 

Cantor set constructed on the interval 

~L ~L 

Figure 1. The set S. 

We leave the reader to show that these three descriptions are all of the same 

set S. Since the set S is self-similar and satisfies the open set condition [3], the 

Hausdorff dimension of S is the number 5 such that 3. (1/3) ~ = 1, that is, 5 - 1. 

Since S resembles the Sierpinski gasket, (defined by replacing all occurrences of 3 

with 2 in the first two definitions above) we have called S the o n e - d i m e n s i o n a l  

S ierp inski  gasket .  

We shall be concerned not so much with S as its various linear projections: 

define S~ to be the linear projection of S onto the x-axis, S~ = ~ ( S ) ,  where ~,  

sends (0, 1) to the point (u, 0), that is, 

(1 u) 
71"It ~ 

0 0 
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For example, note that  So = C, the middle third Cantor set on the interval 

[0, 1/2], and $1/2 is the entire interval [0, 1/2]. The question is, what  happens 

for other values of u? 

LEMMA 1: The set S~ C • is the attractor for the three linear maps 

X 

x + l  
X H 

3 ' 
x + u  

x 
3 

Alternatively it is the set of real numbers which have an expansion in base 3 

using negative powers of 3 and digits {0, 1, u). 

Proof'. Use the second description of S and the fact that  the homothety x ~ x /3  

commutes with the linear projection ~ .  | 

We shall be interested in the linear measure of the various projections S~. A 

theorem of Besicovich [1] states that  the projection in almost every direction of an 

irregular set of Hausdorff dimension 1 in ~2 has Lebesgue 1-dimensional measure 

0. We compute (Theorem 2) the measure of S~ for every u. This answers a 

question of Odlyzko [9]. This is also the first nontrivial example of a dynamically 

defined set all of whose projected measures can be computed explicitly. 

Secondly, we shall be concerned with the dimension of S~. From a theorem of 

Marstrand [8], almost every linear projection of a set of dimension 1 in ]~2 has 

dimension 1. Let ~(u) denote the dimension of S~. Furstenberg has conjectured 

that  ~(u) -- 1 for every irrational u. A definitive answer regarding the dimension 

of S~ for every u is still waiting; we give here (Theorem 13) a lower bound on 

~(u) in terms of the approximations of u by rationals. This allows us to exhibit 

a residual set on which ~(u) = 1. 

We give an algorithm for calculating ~(u) for any rational value of u. The 

algorithm allows us to give upper bounds for some sequences of rational values 

of u, most notably an upper bound for ~(3kp/q) in terms of p and q. 

For the format  of the paper,  Section 2 deals with the measure of the set S~. 

Section 3 gives an algorithm for computing ~(u) for u rational, in Section 4 we 

construct a residual set on which ~(u) = 1, and in Section 5 we give a lower 

bound on ~(u) when u is close to a rational. The results in these last three 
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sections arose from attempts to prove or disprove Furstenberg's conjecture that  

~(u) = 1 for all irrational u. 

Notationally, throughout the paper we denote the cardinality of a set A by ]A[. 

I f A c  R a n d x E R ,  b y x + A w e m e a n { x + a  [ a e  A}, and by xA we mean 

{xa [ a E A}.  Let/~ denote 1-dimensional Lebesgue measure. 

Let ~o(u) = dim(S~) and let d = d~ denote the diameter of S~, (d = u /2  if 

u > 1 or u < 0, and d =  1/2 i f0  < u < 1). 

Remark: Since this paper was written, J. Lagarias and Y. Wang have found a 

proof of (a more general result than) Lemmas 4 and 5 below [7], using the Fourier 

transform of band-limited functions. 

2. T h e  m e a s u r e  o f  S~ 

THEOREM 2: l~(Su) > 0 itT U iS a rational o f  the form p /q  in lowest terms 

with p + q - 0 rood 3. A/so ~(u) < 1 i f  u is rational of the form p/q  with 

p + q ~ 0 m o d 3 .  

The proof of this theorem follows from 4 lemmas: 

LEMMA 3: I f  #(S~) > 0 then Su contains intervals. 

LEMMA 4: l f  S~ contains an interval then u is rational. 

LEMMA 5: I f u  = p /q  in lowest terms with p + q - 0 rood 3 then #(S,,) = 1/q. 

LEMMA 6: I f  U = p/q  in lowest terms with p + q ~ 0 mod 3 then ~(u) < 1. 

Proof  of  Lemma 3: Suppose #(S~) > 0. From the definition of S~ we have 

S~u(S~+I )U(S~ + u)  = 3S~. Thus 3/~(S~) >_ #(S~ tA S~+1 U S~+u) = I~(3S~) = 

31~(S~), the last equality from the sealing property of Lebesgue measure. Thus 

the three translated copies of S~ which cover 3S~ must be disjoint in measure. 

Similarly for any n > 0, 3"S~ is covered by 3 n translates of S~ pairwise disjoint 

in measure. 

Let  x be a Lebesgue point of S~ (a point of density for Lebesgue measure). 

Among the 3 n translates of S~ which cover 3~S~, let S~,+vl, S~,+v2, . . . ,  S~,+vk 

be those translates that  intersect the interval [3~x - 1, 3nx + 1]. 
k Let V~ = Ui=IS~ + vi be the union of these translates, and Un = 

{vl - 3 " x , . . . ,  vk - 3nx} the translations relative to 3~x. 
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Since 

there is 

element 

Since 

the translates of Su are disjoint in measure and have positive measure, 

a bound independent of n on k = lUll. Furthermore, the size of an 

of U~ is at most diam(S~) + 1. 

U~ is a set of bounded real numbers and has bounded cardinality inde- 

pendent of n, there is a sequence of integers {ni} such that  the U m converge, 

that  is the cardinality is eventually constant and each element of Un~ converges. 

Let U be the limiting set of translations, U -- lin~--.oo U,~. There is a 

corresponding arrangement V = U ,  ev  su + v. 

Since x was a Lebesgue point, the measure of 3nS~ n [3~x - 1,3nx + 1] -- 

V,~ M [3'~x - 1, 3'~x + 1] converges to 2. Since the S~ are closed, V contains an 

entire interval of length 2. 

By the Baire category theorem, if a countable (in this case finite) number of 

closed sets covers an open set, then at  least one of the closed sets contains an 

open set. So one of the S~ contains an interval. I 

The proof of Lemma 4 relies on the following. 

LEMMA 7: I f  Su has interior, then it is the closure of its interior. For all u, the 

boundary of S~ has measure O. 

oo - - i  Proof: Suppose S~ has interior. Let y E S~, with y = ~ = 1  a~3 . Then for 

each k _> 0, y is in the set (~-'~=1 a i 3 - ~ ) + 3 - k S ~ ,  whose diameter is 3-kdiam(S~),  

and has interior. Thus y is a limit of points in the interior of S~. 

If #(OS,,) > 0, then #(S~) > 0 so that  S~ contains an interval. Then for n 

large 3~S~ contains a large interval I which is covered by translates of S~ pairwise 

disjoint in measure. But the boundary of one of the translates strictly contained 

in I is contained in the union of the boundaries of the other translates of S~. 

Thus the translates overlap in measure, a contradiction. I 

Proof of Lemma 4: Suppose S~ contains an interval [a, b], with a < b. 

As before, 3~S~ is covered by 3 ~ translated copies of 5~ which are disjoint in 

measure, hence have nonoverlapping interiors. We shall refer to these translated 

copies of S~ as t i les.  Since 0 E S~, v E S~ + v and we shall refer to v as the 

c e n t e r  of the tile S~ + v. 

Let n be large enough so that  3~lb - a[ > 3diam(S~). The interval 3~[a, b] C 

3~S~ is tiled by translates of S~. Let S, S ~ be two of these tiles which are contai~ed 

entirely in 3~[a, b]. We suppose that  the center of S ~ is right of the center of S. 
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Now the set 3nS contains an interval [al, bl] which is a t ranslate  of the interval 

3n[a, b] C 3nS~. Similarly i n s  ~ contains such an interval [a2, b2]. In par t icular  

each of these three intervals is tiled in the same way, tha t  is, has the same relative 

translat ions of tiles with respect to the center of the interval. 

There  is a unique way to extend the tiling of [al, bl] to a tiling of the half-line 

[al, oc) using translates of S~ as tiles: let V be the union of tiles of 32nS~ D 3nS 

intersecting [al, bl]; let I be the maximal  interval in V containing [al, bl]. Let  y 

be the right endpoint  of I; in any tiling of [al, co) extending the given one there 

must  be a tile whose leftmost point  is the point  y (recall from Lemma 7 tha t  the 

tiles S~ are closures of their interior). Adding this tile to V increases the length 

of the maximal  interval I ,  so the next  tile is determined,  and so on. Each tile 

added adds length at least b - a to I,  and so a tiling of [al, oc) is determined.  

Since [al, bl] and [a2, b2] were both  already contained in the tiling of 32~[a, b] 

de termined by 32nS~, the unique tiling of [ a l ,  (x~) extending tha t  in [al, bl] con- 

tains the tiling already present in [a2, b2]. But  since the arrangement  in [a2, b2] 

is the same as tha t  in [a~, bl], the tiling of the ray [al, oc) repeats  itself, tha t  is, 

it is periodic with per iod a2 - a l .  

The  same argument works in the other  direction star t ing from [a2, b2] showing 

tha t  the unique tiling of the whole line determined by [al, bl] is periodic. Let  T 

be this tiling. 

If we take this periodic tiling T, multiply each tile S + x by 3 and subdivide it 

into its three  parts  S + 3x, S + 3x + 1, S + 3x + u, we have a new tiling T ~ which 

contains the same subtiling in [al, bl]. This implies T ~ is the same tiling as T. 

Thus  for any n > 0 each tile in 3nS~ is a tile in T. 

Since T is periodic, the centers of tiles are all contained in a set of the form 

A + c~Z, where ~ C R, c~ > 0 and A is a finite subset of [0, ~). 

But  there  exist tiles in 3~S~ centered at  all the  points 1, 3, 3 2 , . . . ,  3 ~ - I  and 

also at  the points u, 3u, 3 2 u , . . . ,  3'~-1u. Since A is finite we must  have for some 

m, m ~ with m ~ m ~ tha t  3 m - 3 "~' E ~Z ,  so tha t  a is rational.  But  also there 

are r, r ~ with r ~ r ~ such tha t  3 ~ u -  3~'u E c~Z which (since c~ is rational) implies 

tha t  u is rational.  | 

Since we will use this last result in the proof  of Lemma 5 we set it aside as a 

corollary: 

COROLLARY 8: I f  u = p /q  with p + q =- 0 m o d 3  then there is a tiling o f  • by 
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translates of qS~, with integer period, such that for each n the tiling of 3nqSu by 

translates of qS~ is a subtiling. 

Proof of Lemma 5: Let u = p/q in lowest terms, w i thp ,  q E Z a n d p + q  = 

0 mod 3. We also assume without loss of generality that  0 < p < q. Let S = 

Sp,q de f { ~ 1  ai3-~ [ ai e {0,p,q}}, so that  S = qS~. We will show that  S has 

Lebesgue measure 1, so that  Sp/q has measure 1/q. 

Define 

S n = ak3 -k [ak  E {0,p,q} . 
k k = l  

Then S ~ consists of 3 n triadic rationals, which are distinct by the condition on 

p and q: if 

E a k 3  -k = ~k3 -k 
k = ]  k = l  

then 
n 

E a k 3  n-k = ilk3 ~-k, 
k----1 k----1 

and this is an integer; taking this equation modulo 3 gives a s  = ~3n mod 3 which 

implies an = t3~. Taking the equation modulo 9 then yields a ~ - i  = ~n-1, and 

so on. 

Define probability measures Pn = 3 -~ ~ x e s -  5(x) where ~(x) is the point mass 

of mass 1 at x. 

The measure #~ is a sum of point masses of mass 3 -n  at distinct points of the 

lattice 3-nZ.  Thus for each triadic interval 

i _ [ p  p + l )  3k, 3k with k _< n 

we have /~,~(I) _< /~(I) (# is Lebesgue measure). Hence any weak limit ~ of 

the #n satisfies # ~ ( I )  <_ #(I) for any interval I.  Since S is closed, #(S) is 

approximated by finite collections of intervals, so we have 1 = ~ ( S )  < #(S).  

To show that  #(S) = 1, we will show that  the periodic tiling given by Corollary 

8 is in fact periodic with period 1. 

Let R E Z+ be the period of the tiling. Then there is a set W C [0, R) n Z such 

that  each tile is of the form x + S, where x E W + RZ, and there are tiles at each 

point of W + RZ. The invariance of the tiling under expansion and subdivision of 
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the tiles implies that  the set W taken modulo R is invariant under the three maps 

x ~ 3x, x ~ 3x + p, x ~ 3x + q. We will show tha t  this implies W = [0, R) n Z. 

Let G be the directed graph with vertices V = [0, R) fl Z and edges from x to 

(3x + d) rood R for each d E {0, p, q}. We show that  G is strongly connected. 

Let f :  V --* R be an eigenvector for the adjacency matr ix  T with eigenvalue 3: 

Tf(x) = f (3x)  + f(3x + p) + y(3x + q) = 3f (x) .  I t  suffices to show tha t  f is 

constant on V. 

Identify V with Z/RZ. We expand f using the characters {Xn} of Z / R Z :  the 

n th  Fourier coefficient of f is 

R - - 1  

x,,(S) = f ( k )e  
k = 0  

Assume first tha t  3 does not divide R. Then 

R - 1  

Xn(3f)) = Xn(Tf) = ~ Tf(k)e 2~rlntc/R 
k = 0  

R - 1  

= Z ( f ( 3 k )  + f(3k +p) + f(3k + q))e 2~'~k/R 
k = 0  

= ~ f(3k)e 2~ink/R + f(3k)e2"~'~(k-P)/R + f(3k)e 2~n(k-q)/R 

= xn(y(3x))" (1 + e -2~inv/R + e-2~i'~q/R). 

Now since 3 ¢(R) = 1 mod R, we have 

~b(R)--I 

3*(R)x~(f) : xn(T¢(a)f) : X,~(f)" H (1 + e -2~ia~p/R + e-2"ia~'~q/R). 
k- -0  

If  X,~ ( f )  is nonzero, each te rm in the product must have modulus 3. This implies 

e 2'~i'p/R = 1 and e 2~rinq/R = 1, SO that  np/R E Z and nq/R E Z. Since p 

and q are relatively prime, there exists a, b E Z such that  ap + bq = I and so 

anp/R + bnq/R = n/R E Z. Thus xn(f) is nonzero only if n = 0. This implies 

that  f is constant, and so W, the support  of f ,  is [0, R) n g .  

When 3 divides R, say R = 3k-a with 3 Xa, then, using 3¢(~)3kx - 3kx mod R, 

we have 

3 ¢ )xn(y(3kx)) = f (3k x) ) 
~(~) 

= x n ( f ( 3 k x ) ) / - I  (1 + e -2"~i3jnv/n + e -2~i3i'~p/R) 
j=O 
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which implies as before that  X,~(f(3kx)) = 0 unless n = 0. 

But now 

k 

3kX,~(f(x)) = X,~(TkI(x))  = X,~(f(3kx)) H ( 1  + e-2=i3"~P/n + e-2"~3J'~P/R) 
j = 0  

and so X,,( f )  = 0 for all n ¢ 0. 

Hence in each case W -- [0, R) N Z and so the tiling is periodic with period 1. 

Thus the measure of qS(u) is exactly 1. | 

Proof  of  Lemma 6: Define S n as in the previous proof, using digits {0,p, q}. 

If for some n, S ~ has fewer than 3 n elements, say [S'~[ = k < 3 '~, then 3'~S 

can be covered by k translates of S, and therefore the dimension of S is at most 

1 log3(k) < 1. 
n 

Otherwise, since again S '~ C 3-'~Z, the measure ~ constructed as in the 

previous proof is absolutely continuous with respect to Lebesgue measure, and the 

projection # ~  of #oo to R /Z  is an invariant measure for the circle endomorphism 
I T: z ~-+ 3z (note that  for each n, T.tt~ = tt~_x so tha t  T . t t~  = t t~) .  

Since the map z ~-+ 3z is ergodic the only invariant measure absolutely 

continuous with respect to Lebesgue measure is Lebesgue measure itself. So 

#'~ is a multiple of Lebesgue measure. 

The Fourier coefficients 5--(k)  are thus all zero except for f t ' ( 0 ) .  But 

o o  

/2~(k) = H ~(1 + e 2~'pk3.~ + e2~'qk3-J), 
j = l  

and if this is zero then some term (1 + e 2~kp3-j + e 2~iqk3-~) in the product 

must be zero (the terms converge exponentially fast towards 1). A set of three 

complex numbers of modulus 1 whose sum is zero must  be a rotat ion of the set 

{1, e 2~i/3, e4~i/3}. This implies that  

kp3_ j =_ 1_ rood Z, 
3 

kq3_ j _ 2_ mod Z, 
3 

or vice versa (exchanging p and q). Multiplying by 3 gives 

kp3 -j+l ---- 1 rood 3Z, 

kq3 - j+ l  -= 2 rood ~Z. 
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Find integers a, b such that ap + bq = 1; then multiplying the first equation by 

a and the second by b and adding we find k3 -J+l  C Z. ~ r t h e rmo re ,  either 

equation gives k3 - j+ l  ~ 0 mod 3. Now simply summing the two equations gives 

p + q = 0 mod 3, a contradiction. | 

3. T h e  d i m e n s i o n  o f  S= in r a t i o n a l  d i r ec t i ons  

Define S~ = { ~ = 1  ai3-~ I ai E {0, 1, u}}. 

PROPOSITION 9: Let u = p/q. Then limk--.~ ]Sk~[ 1/k is the Perron eigenvalue of 

a nonnegative integer matrix. 

Proof'. Assume that  0 < p < q. We compute the cardinality of 3 nS n C Z. For 

a sequence {Xl, x 2 . . . ,  x=} of digits {0,p, q} define 

n 

= e Z 

i=1  

to be the corresponding integer in 3ns n. 

For each sequence {Xl , . . . , xn}  there is a t/rst sequence {Yl , . . . ,  Y,~} (of the 

same length) in lexicographic order which yields the same point in 3'~S '~, that  is 

R ( { y l , . . . ,  yn}) = R ( { x l , . . . ,  xn}). (Lexicographic order means {Yl , . . . ,  Y~} < 

{ x l , . . .  ,x~} iff on the first index in which Yi # x~ we have Yi < xi.) 

Let Tn be the set of all such first sequences of length n, so that  elements of 

R(T~) are distinct integers and R(Tn) = 3~S ~. 
~A Let m = L 2 J" Let G be a graph with 2 m + l  vertices labelled with the 

integers from - m  to m inclusive, and edges as follows. Each edge of G is labelled 

with an ordered pair of digits {0, p, q}. The vertex 0 has an outgoing edge labelled 

(dl, d2) for every pair for which dl > d2 and (dl - d2)/3 is an integer. This edge 

terminates at the vertex labelled (dl - d2)/3. For every vertex x # 0 and pair 

of digits (dl, d2), if (x + dl - d2)/3 is an integer put an edge with label (dl, d2) 

from the vertex x to the vertex (x + dl - d 2 ) / 3 .  (See illustration after the proof.) 

Now we claim that T= consists of all words of length n such that  no substring is 

the set of first coordinates of edge labels on a path in G from vertex 0 to vertex 

0. That  is, if (dil, d j l ) , . . . ,  (di=, dj=) is the sequence of edge labels on a path 

from 0 to 0 in G then no element of T contains the substring di~ , . . . ,  d~,  and 

conversely. We abbreviate this concept by saying no substring labels  a p a t h  in 

G. 
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To see this, let ~ be a path in the graph G from vertex 0 to vertex 0, with 

edge labels {(Xl, yl), (x2, y2) , . . . ,  (xk, yk)}. Then from the definition of the edge 

labels 

+x3-Y3 + . . .  + (xk - yk) 

= 0  
3 

so that R ( { X l , . . . ,  x~}) = R ( { y l , . . . ,  y~}). In addition we must have that  Yl < 

xl since 7 starts from 0, so that  the sequence {Yl} is lower in lexicographic order 

than {x~}, so { x l , . . . ,  xk} is not a substring of any sequence in T~. 

Conversely if a sequence { x l , . . . ,  x~} has a lower sequence { y l , . . . ,  y~} with 

R({xi}) = R({yi}) and Xl ¢ Yl then the sequence {(Xl, Yl) , . . . ,  (x~, Yn)} labels 

a path from 0 to 0 in G. 

This proves the claim. Now the problem is reduced to counting the sequences 

in {0,p, q}* such that  no substring labels a path from 0 to 0 in the graph G. This 

problem is well-known and not difficult [2]; the set of such sequences is a regular 

language. | 

COROLLARY 10: For u rational, ~(u) = limk__.~ ¼ log 3 [S~[. 

Proof." [S~[ is easily seen to be the number of triadic intervals of size 3 -k 

needed to cover S. From the proposition, lim I log 3 [S~[ exists, and hence is the 

Minkowski dimension (i.e. box dimension) of S. But Falconer [4] has shown 

that  for self-similar sets (attractors of similarities) the Minkowski and Hausdorff 

dimensions agree. | 

Keane and Smorodinsky [6] showed that  ~(3) -- log3(L-~-2~). Yuval Peres gen- 

eralized their technique to yield ~P(3 n) ~- log3(~ 2-~=-~ ~ )  for all n _> 1. 

Example: Let u = 1/6, so that  the digits are {0, 1, 6}. The graph G constructed 

in the above proof is shown in Figure 2. 

Now let u = 1/(2 • 3k). Then the graph G = G,, contains the subgraph shown 

in Figure 3, so that  the set of disallowed substrings includes all strings of the 

form 

u , ,  *, , , . . . ,  , ,  1, 0, 

where the , ' s  can each be any digit. There are 3 k-1 such strings of length k + 2. 
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To obtain an upper bound on the number of strings of length n > k + 2 which 

don't  contain a substring of the form u , , ,  . , . . . ,  .2 1, 0, divide a string of length n 

into L~J substrings, each of length 2k, plus a leftover string of length n - 2 k  L~J.  

There are 32k possible strings of length 2k; but 1/27th of these have a disallowed 

word occurring at the first position. Of the remaining 32k • 26/27 words, 1/27th 

have a disallowed word occurring at position 3, and so on. The occurrences of 

disallowed subwords at positions 1, 3, 5 , . . . ,  k - 1 (if k is even) are independent. 

Thus there are at most 32k(26/27) k/2 allowed words of length 2k. Thus the 

number of allowed strings of length n is at most 

" 3 n - 2 k L ~ J  ~ 3n \ 2 7 ]  

if n is large. Thus the dimension of S~ is at most 1 - ¼ log3(27/26 ). 

-1 

/ ,0 , ,o, i  
2 "  0 -2  

1 

Figure 2. 

0,1) (LD 
(u.o) 2.3k.t (u.u) 2.3 k'2 (u,u) (u.u) 0,o) o .." ~ - - ~ . . . .  - - -~  2 , ~  

(u=2.3 k) 

Figure 3. A subgraph of G(2 .3k) .  

A similar argument for u = p/q yields: 

(0,1) 
" 0  

THEOREM 11: I fu  = p/q in lowest terms, 0 < p < q, 3 Xq and k > 0, then there 

is an upper bound ~(3ku) < fp,q < 1 independent of the integer k. Explicitly, i f  

k > 21og3(2q) then (?) 1 
~ -  < 1  16pqlog(2q)" 
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Proof: Construct the graph G -- G ,  as in the proof of Proposition 9 using digits 

{0, q, 3kp} which have no factor in common. 

Represent q in base 3 using digits {0, 1, -1}: 

q = ~ a,3 ' ,  where a~ E {0, 1, -1},  c~ ¢ 0. 
i = 0  

(It is well known and easy to check that  there exists a unique expansion of this 

form.) Note that 3t/2 < q < 3t+1/2. Similarly, represent p in base 3 with digits 

{0, 1 ,-1}:  
l '  

P = E / 3 i 3 i '  where/3/e  {0, 1, -1},  /3~, # 0. 
i = 0  

Then 3e'/2 < p < 3g+1/2, and qp = ~=oq/3~3'.  Assume that  a l  = 1 (for 

a l  = - 1  a symmetric argument holds). 

Let k > g. Then there is a path in G leading from vertex 0 to vertex pq. 3k-e: 

it is the path whose ith edge label is (3kp,0) if a~ = 1, (0,3kp) if a~ = -1 ,  and 

(0, 0) if ai = 0. 

There are 3 k-g paths in G leading from vertex pq3 k-e to vertex pq (these paths 

go through vertices 3k-e-Jpq, for j E [0, k - g]) in which any of three edge labels 

(0, 0), (q, q), (3kp, 3kp) may be employed. 

Similarly there is a path from pq to 0 whose ith edge label is (0, q) if/3i = 1, 

(q, 0) if/3i = -1 ,  and (0, 0) if/3i = 0. 

The paths from 0 to 0 which are concatenations of these three parts each have 

total length ~ + k - ~ + g' = k + g'. Thus there are at least 3 k-e disallowed strings 

of length k + g' in T ~. Now by a calculation similar to the above example, the 

result follows: divide a string of length n into [ ~ J  strings of length 2k. For 

a given string of length 2k, accounting for the disallowed strings at positions 

O,g, 2g , . . . ,  [~J/leaves at most 

32k ( l_3 -e - e ) t~ J  

allowed strings, for a growth rate of 

7 < 3(1 - 3 - l - t ' ]  [~ j~  

so that  

loga v < 1 + Lkj  10g3(1- 3 -~-~') 
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L~J < 1  
2k3 e+e' log 3 

< 1  
8kpq log 3 

1 
< 1  

16pqg log 3 
1 

< 1  
16pq log(2q)" 

if k > 2g 

Here in the second inequality we have used log3(1 - x )  < - x / l o g 3 ,  in the third 

and fifth inequality we have used 3 e < 2q and 3 e' < 2p, and in the fourth, if 

k > 2g then ! [k_j 1 k e > ~ "  I 

We note that  the same method works for many other simple sequences of 

rationals: any sequence in which the graphs G have roughly 3 k cycles through 

0 of length 3 k, for example {0, 3", (3 "~ - 1)/2}. It  seems that  all sequences with 

this proper ty  converge to rational values of n, though, so they cannot serve as 

evidence against the conjecture of Furstenberg. 

4. T h e  d i m e n s i o n  in a r e s i dua l  se t  o f  d i r e c t i o n s  

If  two real numbers u, v are close, the corresponding sets S~, Sv are close in the 

Hausdorff metric on compact sets in ~. This fact quickly leads to the following: 

THEOREM 12: Let  u be a real number  and Pi/ql a sequence o f  rationals such 

that  pl + qi =- 0 mod 3, q~ -* 0% and such that  there exists constants C, a > 0 

for which 
u c _P~ < _ _  

q~" 

Then qa(u) > 1 - 1 /a .  

In particular if u is super-polynomially-well approximated by rationals of the 

form p/q,  p + q - 0 mod 3, then ~(u) = 1. The set of u with this property is a 

residual subset of ]~. 

Proof." Let N~ (e) be the minimum number of intervals of length e needed to cover 

S~. We can assume tha t  the intervals of size e are of the form [me, (m + 1)~], 

that  is, are "lattice intervals". Restricting to these intervals changes N~(c) by 

a constant factor and so does not affect the asymptotic  growth rate of N~(e), 

which is the quantity we are interested in. 
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I t  suffices to show tha t  

(?) i f ] u - P l <  - - ,  t h e n N u  > const .3  k. 
q q 

For then,  using e = 3-k/q = C/q ~, we have 

log Nu(e) log Nu(q~ ) log(q~ -1)  + const 1 
~(u)  = l im - l im > lim = 1 - - .  

(--+0 - log e ~ a log qi + const - i ~  a log ql + const a 

Suppose ]u - P/ql < (2/3)3-k/q • The  set Sp~/q C Sp/q consists of 3 k dist inct  

points  on the  lat t ice ( 3 - k / q ) Z .  So it takes a t  least  3 k lat t ice intervals of  length 

3-kq to cover Sp/q. 

For each point  x e Sp/q, x = ~ i ~ 1  a i  3- ( ,  ai E {O,p/q, 1}, let x '  be the point  

wi th  the same sequence of digits, replacing all occurrences of the digit p/q with 

u. Then  

' x -  x" < ~ u -  P q = -~3 u -  p < --3-k q 

So each point  of Sp/q is within 3-k/q of a point  of S , .  So it takes a t  least 3 k-1 

intervals of size 3-k/q to cover S~. Thus  Nu(3-k/q) > 3 k-1.  | 

5. L o w e r  b o u n d s  o n  t h e  d i m e n s i o n  

The a rgument  of the previous section can be refined to give a lower bound  on 

~(u)  when u is close to a single rat ional .  

Let u = p/q in lowest t e rms  with  p + q -- 0 m o d  3 and 0 < p < q. Let  S = qS~ 

as before. 

For a sequence (Xl,  x 2 , . . . }  in {0,p, q}~ we define 

o~ 

r ( (x l ,x2 , . . . } )  : Z x ' 3 - '  E S. 
i = l  

We build a graph  Go which describes sequences (x l ,  x 2 , . . . }  for which r({x~}) 

is in the bounda ry  OS of S. Let  m =[2Jq-1  (we assume q > 2). The  g raph  Go has 

2m vertices,  labelled wi th  the  nonzero integers f rom - m  to  m inclusive. F rom 

a ver tex  labelled x for every dl,d2 E {0,p ,q}  there  is an edge labelled (dl,  d2) 

point ing to ver tex  3x + dl - d2 whenever  this is a nonzero integer in the  range 

[ - m ,  m]. 
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Let (~ be an infinite path in Go starting from vertex k with edge labels 

(Xo, Y0), (xl,  Yl), . . . .  Then r({x0, x l , . . . } )  + k = r({yo, Yl,. .-}). Since by Lemma 

5 the integer translates of S have disjoint interiors, the point r({x0, x : , . . . } )  is in 

the boundary of S. Conversely, for a point x G OS there is a translate S -  k which 

also contains x since the translates of S tile K If x ~ {0, ~} then Ikl -< L2],q--: 

so there is a y E S with x -- y - k and hence an infinite path in Go with edge 

labels whose first coordinates are {x~} with r({xi}) = x. (Thus Go describes all 

boundary points of S except 0 and q/2.) 

For each vertex v of Go there is a word of length < log 3 q which does not label 

a path from v: if v > 0 a word consisting entirely of qs leads successively to 

vertices v2 = 3v + q - d: _> 3v, v3 = 3v2 T q - 42 ~_ 3 2 v , . . . ,  until VLlog 3 qj > m. 

Similarly, if v < 0 the word of length Llog 3 qJ consisting entirely of 0s does not 

label a path from v. 

THEOREM 13: Let u C R and suppose there are relatively prime integers p, q, 

0 < p < q, p + q - 0 mod 3, and •, 0 < • < q-2q such that 

u - -  p < • .  

Then 
1 

> : 
log 1/e 1" 
q log q 

In particular if • is small compared to q-2q then ~o(u) is close to 1. 

Proof of  Theorem 13: We assume without loss of generality that  0 < u < 1 and 

0 < p < q. Let S = qSp/q, so that  diamS~ = q/2. 

For each k > 0 let Wk C {0,p,q} ~ be the set of sequences x = { x l , x 2 , . . . }  

such that  for each £ > 0, r(atx)  is at distance at least ~23 -k from the boundary 

of S. (Here a is the left shift, ae ( {x l , . . . } )  = {xe+l, xe+2,.. .}.) 

An element of Wk is characterized by the property that  no substring of length 

k labels a path in the graph Go described above. For if x e , . . . ,  xt+k is such 

a substring, then there exists a boundary sequence y starting with the string 

xe, . .  . ,xt+k, so that  It(y) - r(atx) l  < ~3 -k .  

We show that  if k is sufficiently large, then the growth rate of Wk is close to 

3, so that  Wk describes a subset of S of dimension close to 1. 

The graph Go has 2[~t~-21 j < q vertices; from each vertex v there is at least one 

word w of length < log 3 q which does not label a path from v in Go. We claim 
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tha t  there is a word 7 of length c < q log 3 q which does not label a pa th  s tar t ing 

at any  vertex. To see this, for each word 3 let VZ be the subset of vertices x 

for which there is a pa th  labelled 3 s tar t ing at x. For the empty  word 0, Vo is 

the set of all vertices. Inductively define "~ as follows: suppose an initial segment 

c~1 of 7 is defined with subset V~ 1. Take a vertex v • V~I, and a word 3 of 

length < log 3 q which does not label a pa th  from vertex v. Define (~2 to be the 

concatenat ion of (~1 and 3. Then  [V~ 2 ] _< [V~ ] -  1 since it does not  contain v. 

Repeat ,  defining a3, a 4 , . . ,  until there are no vertices in V~ t for some g < q. Let 

7 = a t ;  then the length of 7 is at most  qlog3q , and the word ~, does not  label 

any pa th  in Go. This proves the claim. 

Let k > 2c. Then  Wk contains all sequences of the form 

~ Wl~ ~ W2,  ~ ,  • . . 

where the wj are arbitrary words of length k - 2c, because any subword of length 

k of 7, wl, 7, w2, % . . .  contains the subword 7 and hence does not label a pa th  in 
k--2c 

Go. So the growth of Wk is at least ~ = 3 n:=~--~ , the growth of words of this type. 

S i n c e c < q l o g  3 q, we haVe log 3 ~ > 1 -  qlog~9 k--q log s q" 

If  two sequences a,b C Wk have different first elements al  ¢ bl, then 

]r(a) - r(b)] > 2 ~ • 3 -k  (otherwise the initial segments of a and b of length k 

would bo th  label allowed paths  in Go). 

For each x E Wk there is a corresponding sequence x I obtained by replacing 

each occurrence of digit p by the digit qu, so tha t  x I describes a sequence of digits 

in {O, qu, q} and r(x') • qS~. Note tha t  ] r ( x ) -  r (x ' ) ]  < ~-~i~=1 ]p-qu]3 -i = 

]p-qu]/2 < qe/2. Let k = - [ l o g 3 3 e J ,  then J r ( x ) - r ( x ' ) ]  < q3-k/6. Let W~ be 

the set of such sequences x ~. 

If  a ' ,  b' • W~ correspond to a, b • W~ and a t ~ b~ then 

]r(a ')  - r(b')] ~ ]r(a) - r(b)] - Ir(a) - r(a ' ) ]  - Jr(b) - r(b')] 

q 3 - k  q3 -k  q 3 - k  

> q 3-k  

- 6 

So for n > k it takes at  least ~ n  intervals of length q3-n/6 to  cover r(W~) C S~, 

where ~ is the growth rate of Wk. This implies the Minkowski dimension of Su 

(and hence the Hausdorff  dimension by [4]) is at  least 

1 1 
log 3 ~ > 1 k 1 > 1 log 1/E 1" | 

q l°g3 q q log q 
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